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1 Introdu
tionBoth the e�
a
y of a �s
al stimulus and the appropriate speed of �s
al 
onsolidation are 
ontroversialissues in applied ma
roe
onomi
s. Of 
ourse they are 
losely related. On the former, the range of empiri
algovernment spending multipliers is wide � Ramey (2011a) surveys the literature and argues that this isbetween 0.8 and 1.5 � and the sign of the e�e
t on private 
onsumption is 
ontroversial. In fa
t, one strandof the empiri
al literature, using methods along the lines of Ramey and Shapiro (1998) and more re
entlyRamey (2011b), �nds eviden
e for a 
rowding-out of 
onsumption, while Stru
tural Ve
tor-Autoregressions(SVARs) in the spirit of Blan
hard and Perotti (2002) and more re
ently Mona
elli et al. (2010) provideeviden
e for a 
rowding-in e�e
t. In addition, �s
al multipliers are found to be signi�
antly higher in are
ession regime (see e.g. Auerba
h and Gorodni
henko, 2012; Batini et al., 2012, among others).Canoni
al Dynami
 Sto
hasti
 General Equilibrium (DSGE) models typi
ally predi
t �s
al multiplierswell below the empiri
al range and a 
rowding-out e�e
t on private 
onsumption. The main reason for thisis to be found in the negative wealth e�e
t triggered by the in
rease in government pur
hases. This, in fa
t,
rowds out private 
onsumption and investment and makes output respond in a less than proportional way.Woodford (2011), through rather simple algebrai
 manipulations, shows that the government spendingmultiplier is (i) ne
essarily below one in a neo
lassi
al Real Business Cy
le (RBC) model and exa
tly thesame both in an RBC with monopolisti
 
ompetition and in a sti
ky-pri
e New-Keynesian (NK) model withstri
t in�ation targeting; (ii) exa
tly one in an NK model with �xed real interest rate; (iii) somewherebetween the two values in a model featuring a Taylor rule. In general, the more a

ommodative themonetary poli
y, the higher the �s
al multiplier. On the last point Canova and Pappa (2011) also provideempiri
al support. Moreover, substantially larger-than-one multipliers 
an be obtained in standard NKmodels if the zero lower bound on the nominal interest rate (ZLB) binds. Christiano et al. (2011) �nd thatthe spending multiplier may also rea
h 10 at the ZLB if the �s
al stimulus lasts for exa
tly the quarterswhen the ZLB is binding.A modelling devi
e that has been used to obtain the 
onsumption 
rowding-in and higher �s
al multi-pliers in Real Business Cy
le (RBC) models is the assumption that external `deep habits' à la Ravn et al.(2006) are formed in private and publi
 
onsumption, i.e. habits on the average 
onsumption level of ea
hvariety of goods. Ja
ob (2011) shows that in a New-Keynesian (NK) model with deep habits, in
reasingdegrees of pri
e sti
kiness soften the expansionary e�e
ts of a �s
al stimulus and may overturn the resultsobtainable in a RBC model. However, Cantore et al. (2012) show that with an empiri
ally plausible degree1



of pri
e sti
kiness and either under an `empiri
al' or an `optimized' interest-rate rule the main results stillhold.This paper investigates these issues paying parti
ular attention to the subtle intera
tions between�s
al and monetary poli
y that determine the out
ome of �s
al stimuli and 
onsolidations. We examine�s
al-monetary intera
tions in a NK DSGE model with deep habits, distortionary taxes and a sovereignrisk premium for government debt. A number of possible interest rate and �s
al poli
ies are 
ompared:�rst, the welfare-optimal (Ramsey) poli
y; se
ond, a time-
onsistent poli
y; third optimized simple Taylortype rules (of whi
h a pri
e-level rule is a spe
ial 
ase of the interest rate rule). For the simple rule bothpassive and a
tive �s
al poli
y stan
es are examined. We study poli
y rules responding both to 
ontinuousfuture sto
hasti
 sho
ks (poli
y in `normal times') and to a one-o� large sho
k to government debt (`
risismanagement'). This results in what we believe to be the �rst assessment of what is the optimal timingand optimal 
ombination of instruments to a
hieve a �s
al 
onsolidation using rules that are also suitablefor future normal times.Welfare 
al
ulations and impulse responses indi
ate that the ability of the simple rules to 
losely mimi
the Ramsey optimal poli
y, observed in the literature with optimal monetary alone, is still a feature ofoptimal poli
y with �s
al instruments, but only with `passive' �s
al poli
y. For 
risis management we �ndsome support for slow 
onsolidation with a more a
tive role for tax in
reases rather than a de
rease ingovernment spending.The impli
ations of these results agree with the �ndings of a number of re
ent studies. Batini et al.(2012) show, in the 
ontext of regime-swit
hing ve
tor-autoregressions, that smooth and gradual 
onsoli-dations are to be preferred to frontloaded or aggressive 
onsolidations, espe
ially for e
onomies in re
essionfa
ing high risk premia on publi
 debt. In addition, they �nd that tax hikes are less 
ontra
tionary thanspending 
uts. Er
eg and Linde (2013) obtain similar �ndings in a DSGE model of a 
urren
y union.Denes et al. (2013) highlight limitations of austerity measures, while Bi et al. (2013) show in a DSGE set-ting that, in the 
urrent e
onomi
 environment, 
onsolidation e�orts are more likely to be 
ontra
tionaryrather than expansionary.There are a few re
ent papers that address some of the issues in our paper: using a standard NK modelwith government sovereign risk, but without habit of a deep or `super�
ial' kind, Corsetti et al. (2013)
arry out a 
omparison of di�erent �s
al 
onsolidation s
enarios. Apart from the model with deep habits,our study di�ers in that we 
onsider optimal or optimized simple 
ommitment rules whereas their paperstudies ad-ho
 poli
ies. Leith et al. (2012) do examine optimal and optimized simple rules in a 
alibrated2



model with deep habits, but only for normal times. Perhaps the 
losest paper to ours is Kirsanova andWren-Lewis (2012). In a simple 
ore NK model without habits or a government sovereign risk their paperexamines di�erent ad ho
 degrees of �s
al feedba
k alongside optimal monetary poli
y. As in our paperthey allow �s
al poli
y to be
ome `a
tive' and monetary poli
y 'passive' (as de�ned by Leeper (1991))leaving the pri
e level to jump to satisfy the government budget 
onstraint. In 
ontrast to all three studieswe 
ompare 
ommitment and dis
retion, thus drawing 
on
lusions regarding the importan
e of the former.Another novel feature of our paper is the 
onsideration of the zero lower bound 
onstraint for the interestrate in the design of optimal interest rate rules, and we impose an analogous upper bound 
onstraint onthe government debt/GDP ratio.The rest of the paper is organized as follows. Se
tion 2 sets out the model. Se
tion 3 brie�y summarizesthe Bayesian estimation of the model drawing upon Cantore et al. (2013a). The main Se
tion 4 
arriesout the poli
y experiments and Se
tion 5 
on
ludes.2 The ModelBuilding on Cantore et al. (2012) we 
ondu
t the analysis within a NK model with Rotemberg pri
esti
kiness and 
onvex investment adjustment 
osts augmented with deep habit formation. We re�ne the�s
al se
tor in that the government �nan
es its expenditures by raising a mix of lump-sum and distortionarytaxes and by issuing government bonds. In addition, we allow for a sovereign risk to generate a premiumin the interest payments paid by the government.2.1 HouseholdsA 
ontinuum of identi
al households j ∈ [0, 1] has preferen
es over di�erentiated 
onsumption varieties
i ∈ [0, 1]. Following Ravn et al. (2006), preferen
es feature habit formation at the level of individual goods,or deep habits (see also Ja
ob, 2011; Di Pa
e and Fa

ini, 2012; Zubairy, 2012; Cantore et al., 2013b).Similar to the more 
ommon super�
ial habits, i.e. habits on the overall level of 
onsumption, deep habitsmay be internal or external, although it is 
ommon pra
ti
e to use the latter version as this is analyti
allymore tra
table. In fa
t, internal deep habits lead to a time in
onsisten
y problem (see Ravn et al., 2006),so we adopt external deep habits, i.e., keeping up with the Joneses good by good. In the mi
roe
onometri
literature there is re
ent eviden
e of deep habit formation. For instan
e Verhelst and Van den Poel (2012)estimate a spatial panel model using s
anner data from a large European retailer and test for both internal3



and external deep habit formation. While they �nd some 
ategories with internal habit formation, thise�e
t is generally small. On the 
ontrary, the external habit e�e
t is always positive and signi�
ant. In thema
ro-e
onometri
 literature there are also estimates of deep habits for the US. For instan
e, Ravn et al.(2006) use a Generalized Method of Moments estimator applied to the 
onsumption Euler equation anduse the additional restri
tions that deep habits imply for the supply side of the e
onomy. Zubairy (2013)estimates the deep habit parameters within the broader setting of a Bayesian estimation of a medium-s
aleNK model. Cantore et al. (2013a) 
ompare super�
ial and deep habit formation within an estimated NKmodel for the US and provide empiri
al support in favour of the latter. Households' optimization problemis
max

{(Xc
t )

j ,K
j
t+1,B

j
t+1,I

j
t ,h

j
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Et

∞∑
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t + eIt I
j
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[

1− S

(

Ijt

Ijt−1

)]

, (2)where β ∈ (0, 1) is the dis
ount fa
tor, eBt is a preferen
e sho
k, (Xt)
j = X

(
(Xc

t )
j,Xg

t

) is a 
ompositeof habit-adjusted di�erentiated private and publi
 
onsumption goods and Hj
t are hours of work. Thisassumption implies that government 
onsumption delivers some utility to private agents (see e.g. Pappa,2009; Cantore et al., 2012). Many studies, on the 
ontrary, assume that publi
 
onsumption goods are notutility-enhan
ing, i.e. they are simply a waste of resour
es. The private 
omponent of (Xt)

j is
(Xc

t )
j =

[
ˆ 1

0
(Cj

it − θcSc
it−1)

1− 1

eP
t

ζ di

] 1

1− 1
eP
t

ζ , (3)where θc ∈ (0, 1) is the degree of deep habit formation on ea
h variety, ζ is the intratemporal elasti
ityof substitution, eP is a pri
e mark-up sho
k, and Sc
it−1 denotes the sto
k of habit in the 
onsumption ofgood i, whi
h evolves over time a

ording to

Sc
it = ̺cSc

it−1 + (1− ̺c)Cit, (4)
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where ̺c ∈ (0, 1) implies persisten
e. The optimal level of demand for ea
h variety, Cj
it, for a given
omposite is obtained by minimizing total expenditure ´ 10 PitC

j
itdi over Cj

it, subje
t to (3). This leads to
Cj
it =

(
Pit

Pt

)
−ePt ζ

(Xc
t )

j + θcSc
it−1, (5)where Pit is the pri
e of variety i, and Pt ≡

[
´ 1
0 P

1−ePt ζ

it di
] 1

1−eP
t

ζ is the nominal pri
e index. Multiplying (5)by Pit and integrating, real 
onsumption expenditure Cj
t 
an be written as a fun
tion of the 
onsumption
omposite and the sto
k of habit: Cj

t = (Xc
t )

j + Ωt, where Ωt ≡ θc
´ 1
0

Pit

Pt
Sc
it−1di. Households hold Kj

t
apital holdings, evolving a

ording to (2) where δ is the 
apital depre
iation rate, Ijt is investment,
S(·) represents an investment adjustment 
ost satisfying S(1) = S′(1) = 0 and S′′(1) > 0, and eIt is aninvestment-spe
i�
 sho
k. Investment is also a 
omposite of goods, i.e. Ijt =

[
´ 1
0

(

Ijit

)1− 1

eP
t

ζ di

] 1

1− 1
eP
t

ζ ,but does not feature habit formation. Expenditure minimisation leads to the optimal level of demand ofprivate investment goods for ea
h variety i:
Ijit =

(
Pit

Pt

)
−ePt ζ

Ijt . (6)In the budget 
onstraint, τCt , τWt and τKt are tax rates on 
onsumption, labour in
ome and the returnon 
apital, respe
tively and τLt is a lump-sum tax. Households buy 
onsumption goods, Cj
t ; invest ininvestment goods, Ijt , nominal private bond holdings, Bj

t , and nominal government bond holdings, (Bg
t )

j ;re
eive the hourly wage, Wt, the rental rate of 
apital, RK
t , the return on nominal private bond holdings,

Rt, the return on nominal government bond holdings, Rg
t , augmented by the sovereign risk premium, Ψt,and �rms' pro�ts,´ 10 Jitdi; and pay a mixture of lump-sum and distortionary taxes.The �rst-order 
ondition (FOC) with respe
t to (w.r.t.) the private 
onsumption 
omposite (Xc

t )
jimplies that the Lagrange multiplier on the household's budget 
onstraint (1) is equal to Λj

t = (1+τCt )U j
Xc,t,where U j

Xc,t is the marginal utility of the private 
onsumption 
omposite. Let Λj
tQ

j
t be the multiplier onthe 
apital a

umulation equation (2), and Qj

t represent Tobin's Q. Then, the FOC w.r.t. 
apital, Kj
t+1,implies Qj

t = Et

{

Dj
t,t+1

[
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t+1 + (1− δ)Qj

t+1
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, where Dj
t,t+1 ≡ βEt

[
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j
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j
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eItQ
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(
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while the FOCs w.r.t. the private and government bond holdings delivers the following non-arbitrage
ondition for the two interest rates
1 = Et

[

Dj
t,t+1

Rt

Πt+1

]

= Et

[

Dj
t,t+1Ψ

−1
t

Rg
t

Πt+1

]

, (7)where Πt ≡
Pt

Pt+1
is the gross in�ation rate. Finally the FOC w.r.t hours implies: −U j

H,t = U j
Xc,t

(
1− τWt

)
(1+

τCt )Wt

Pt
.Equation (7) implies Rg

t = ΨtRt, i.e. that the government has to pay a premium, Ψt, on its in-terest payments. Su
h sovereign risk premium is modelled as an exponential fun
tion of governmentindebtedness,Ψt = exp
(

φ bt
Yt

)

, where φ ≥ 0 is a stru
tural parameter.12.2 GovernmentAs in Ravn et al. (2006) deep habits are present also in government 
onsumption. This 
an be justi�ed byassuming that households form habits also on 
onsumption of government-provided goods. Alternatively,as in Leith et al. (2012) and Ravn et al. (2012), one 
an also argue that publi
 goods are lo
al in natureand households 
are about the provision of individual publi
 goods in their 
onstituen
y relative to other
onstituen
ies. For example, 
ontroversies over �post-
ode lotteries� in health 
are and other lo
al servi
es(Cummins et al., 2007) and 
omparisons of regional per 
apita government spending levels (Ma
Kay,2001) suggest that households 
are about their lo
al government spending levels relative to those in other
onstituen
ies. Ravn et al. (2012) also propose the idea of pro
urement relationships that 
reate a tenden
yfor the government to favour transa
tions with sellers that supplied publi
 goods in the past. In ea
h period
t, the government allo
ates spending PtGt over di�erentiated goods sold by �rms in a monopolisti
 marketto maximize the quantity of a habit-adjusted 
omposite good:

Xg
t =

[
ˆ 1

0
(Git − θgSg

it−1)
1− 1

eP
t

ζ di

] 1

1− 1
eP
t

ζ ,1Corsetti et al. (2013) introdu
e the sovereign default by assuming a �s
al limit to the government-debt-to-GDP ratio.Whenever this ratio ex
eeds this limit a default in the form of a hair
ut will o

ur. However, the un
ertainty surroundingthe politi
al pro
ess of a sovereign default is 
aptured by granting the possibility of extra
ting su
h a limit ea
h period froma probability distribution. In parti
ular, ea
h period, at a given level of indebtness, the ex-ante probability of default isgiven by the 
umulative distribution fun
tion of a generalised beta distribution. With an appropriate 
alibration, su
h ame
hanism generates a sovereign risk premium the quantitative e�e
ts of whi
h are 
lose to the simpler spe
i�
ation above.For a data-driven pro
edure to 
ompute debt limits for advan
ed e
onomies see Ghosh et al. (2013).
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subje
t to the budget 
onstraint ´ 10 PitGitdi ≤ PtGt, where θg is the degree of deep habit formation ingovernment spending and Sg
it−1 denotes the sto
k of habits for this expenditure, whi
h evolves as:

Sg
it = ̺gSg

it−1 + (1− ̺g)Git, (8)and exhibits persisten
e ρg. At the optimum
Git =

(
Pit

Pt

)
−ePt ζ

Xg
t + θgSg

it−1. (9)In the absen
e of a spending rule, aggregate real government 
onsumption, Gt, is an autoregressive pro
ess
log

(
Gt

Ḡ

)

= ρG log

(
Gt−1

Ḡ

)

+ ǫGt , (10)where ρG is an autoregressive parameter and ǫgt is a mean zero, i.i.d. random sho
k with standard deviation
σG.The government budget 
onstraint in real terms will read as follows:

bgt =
Rg

t−1b
g
t−1

Πt
+Gt − Tt, (11)where bgt ≡

B
g
t

Pt
, and Tt represents total government revenue:

Tt = τCt Ct + τWt wth+ τKt Rk
tK

p
t + τLt .In order to redu
e the number of tax instruments to one, we impose that τCt , τWt , τKt and τLt deviatefrom their steady state2 in at by the same proportion (i.e. τCt = τ τ̄C , τWt = τ τ̄W , τKt = τ τ̄K ,τLt = τ τ̄L)and that the proportional uniform tax 
hange, τ , be
omes one of our �s
al poli
y instruments. The otherinstrument we 
onsider is government spending Gt. We allow the instruments to be adjusted a

ording to2The 
hoi
es of steady-state tax rates and debt are dis
ussed when we 
ome to the poli
y exer
ises in Se
tion 4.
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the following Taylor-type rules:
log
(τt
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)
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+ ǫGt , if bg = 0 (13)where ρτ implies persisten
e in the tax instrument, ρτB is the responsiveness of the tax instrument tothe deviation of government debt from its steady state, and ρτY is the responsiveness to the per
entagedeviation of the output gap. Parameters ρG, ρGB, and ρGY are the analogues in the expenditure rule,while ǫτt and ǫGt are mean zero, i.i.d. �s
al sho
ks with standard deviations στ and σG, respe
tively.Noti
e that these are Taylor-type rules as in Taylor (1993) that respond to deviations of output and debtfrom their deterministi
 steady state values and not from their �exi-pri
e out
omes. Su
h rules havethe advantage that they 
an be implemented using readily available ma
ro-data series rather than frommodel-based theoreti
al 
onstru
ts (see S
hmitt-Grohe and Uribe (2007)). As reported below, a similarmodelling 
hoi
e is made for the monetary poli
y interest rate rule.32.3 FirmsA 
ontinuum of monopolisti
ally 
ompetitive �rms indexed by i ∈ [0, 1] rents 
apital, Kit, and hireslabour, Hit to produ
e di�erentiated goods Yit with 
onvex te
hnology F (AtHit,Kit), where At is alabour-augmenting te
hnology sho
k, whi
h are sold at pri
e Pit. Firms fa
e quadrati
 pri
e adjustment
osts ξ
2

(
Pit

Pit−1
− 1
)2

Yt, as in Rotemberg (1982) � where parameter ξ measures the degree of pri
e sti
kiness� and maximize the following �ow of dis
ounted pro�ts:
Jit = Et







∞∑

s=0

Dt,t+s






Pit+s

Pt+s
(Cit+s +Git+s + Iit+s)

−
Wit+s

Pt+s
Hit+s −RK

t+sKit+s −
ξ
2

(
Pit+s

Pit+s−1
− 1
)2

Yt












,3In the 
ontext of a NK model with deep habits, Cantore et al. (2012) 
ompare simple interest-rate rules embedding themodel-based de�nition of the output gap to rules employing deviations of output from the steady state. They �nd that whenthe two types of rule are designed to be optimal, they result in almost identi
al real and in�ation out
omes, though by meansof di�erent interest-rate paths.
8



with respe
t to Kp
it+s, H it+s, Cit+s, Sc

it+s, Git+s, Sg
it+s and Pit+s subje
t to (4), (5), (6), (8), (9), and the�rm's resour
e 
ontraint

Cit+s +Git+s + Iit+s = F (Hit,Kit)− FC = Yit, (14)where FC are �xed produ
tion 
osts, set to ensure that the free entry 
ondition of long-run zero pro�ts issatis�ed. The 
orresponding �rst-order 
onditions for this problem are:
RK

t = MCtFK,it,

Wt

Pt
= MCtFH,it,

νct ,=
Pit

Pt
−MCt + (1− ̺c)λc

t ,

λc
t = EtDt,t+1(θ

cνct+1 + ̺cλc
t+1),

νgt =
Pit

Pt
−MCt + (1− ̺g)λg

t ,

λg
t = EtDt,t+1(θ

gνgt+1 + ̺gλg
t+1),

Pit

Pt
(Cit +Git)− ξ

(
Pit

Pit−1
− 1

)
Pit

Pit−1
Yt + (1− ePt ζ)

(
Pit

Pt

)1−ePt ζ

It + ePt ζMCt

(
Pit

Pt

)
−ePt ζ

It

−ePt ζν
c
t

(
Pit

Pt

)
−ePt ζ

Xc
t − ePt ζν

g
t

(
Pit

Pt

)
−ePt ζ

Xg
t + ξEtDt,t+1

[(
Pit+1

Pit
− 1

)
Pit+1

Pit

]

Yt+1 = 0.Variables MCt, νct , λc
t , νgt , λg

t are the Lagrange multipliers asso
iated with 
onstraints (14), (5), (4), (9)and (8) respe
tively. In parti
ular, MCt is the shadow value of output and represents the �rm's realmarginal 
ost. Let MCn
t denote the nominal marginal 
ost. The gross mark-up 
harged by �nal good �rm

i 
an be de�ned as µit ≡ Pit/MCn
t = Pit

Pt
/
MCn

t

Pt
= pit/MCt, where pit = Pit

Pt
. In the symmetri
 equilibriumall �nal good �rms 
harge the same pri
e, Pit = Pt, hen
e the relative pri
e is unity, pit = 1. It followsthat, in the symmetri
 equilibrium, the mark-up is simply the inverse of the marginal 
ost.2.4 Monetary poli
yMonetary poli
y is set a

ording to a Taylor-type interest-rate rule:

log

(
Rt

R̄

)

= ρr log

(
Rt−1

R̄

)

+ ρπ log

(
Πt

Π̄

)

+ ρy log

(
Yt

Ȳ

)

+ ǫMt , (15)9



where ρr is the interest rate smoothing parameter and ρπ and ρy are the monetary responses to in�ationand output relative to its steady state, and ǫMt is a mean zero, i.i.d. monetary poli
y sho
k with standarddeviation σM .2.5 EquilibriumIn equilibrium all markets 
lear. The model is 
ompleted by the resour
e 
onstraint
Yt = Ct + It +Gt +

ξ

2

(
Pt

Pt−1
− 1

)2

Yt +
χ

2
τ2t Yt, (16)and the following autoregressive pro
esses for exogenous sho
ks:

log

(
eκt
ēκ

)

= ρκ log

(
eκt
ēκ

)

+ ǫκt ,where (16) in
ludes both pri
e 
hange 
osts and the 
ost of tax 
olle
tion, κ = {B,P, I,A}, ρκ areautoregressive parameter and ǫκt are mean zero, i.i.d. random sho
k with standard deviation σκ .2.6 Fun
tional formsThe utility fun
tion spe
ializes as U(Xt, 1−Ht) =

[

X
(1−̺)
t (1−Ht)̺

]1−σc
−1

1−σc
, where σc > 0 is the 
oe�
ient ofrelative risk aversion, and ω is a preferen
e parameter that determines the relative weight of leisure and the
onsumption 
omposite in utility. The 
onsumption 
omposite is a CES aggregate of private and publi

onsumption, Xt =

{

ν
1
σx
x (Xc

t )
σx−1
σx + (1− νx)

1
σx (Xg

t )
σx−1
σx

} σx
σx−1 , with νx representing the share of theprivate 
omponent in the aggregate and σx being the elasti
ity of substitution between the private and thepubli
 
omponent. Investment adjustment 
osts are quadrati
: S

(
It

It−1

)

= γ
2

(
It

It−1
− 1
)2

, γ > 0, whilethe produ
tion fun
tion is Cobb-Douglas: F (Ht,Kt) = (AtHt)
α K1−α

t , where α represents the labourshare of in
ome.3 Bayesian EstimationThe model was estimated by Bayesian methods using US quarterly data for 6 observables (output, 
on-sumption, investment, government spending, nominal interest rate and in�ation) over the period 1984:Q1-2008:Q3.A number of stru
tural parameters are kept �xed in the estimation pro
edure, in a

ordan
e with10



the usual pra
ti
e in the literature (see Table 1). This is done so that the 
alibrated parameters re�e
tsteady state values of the observed variables. An important parameter for the poli
y exer
ises is φ whi
hdetermines the sovereign risk premium. Appendix A sets the 
alibration of φ. In the poli
y assessment wedo not wish to underestimate the importan
e of the 
onstraint imposed on �s
al authorities by �nan
ialmarkets. We therefore 
hoose a value of φ at the upper end of the possible range. Another importantparameter for welfare analysis is νx in the household utility. This is set so that the 
alibration of thegovernment spending ratio, G
Y

= 0.2, is optimal from the viewpoint of atomisti
 households. This isdis
ussed further in Appendix B.Estimation results from posteriors maximization are presented in Tables 2-3. We used the same priorsas Smets and Wouters (2007) for 
ommon parameters whereas we used the estimates of Ravn et al. (2006)for the Deep habits parameters.Calibrated parameter Symbol ValueDis
ount fa
tor β 0.9902Depre
iation rate δ 0.025Labour share α 0.70Substitution elasti
ity of goods ζ 5.3Fixed 
ost FC 0.13095ES between leisure and 
onsumption ̺ 0.8640Share of private 
onsumption over total 
onsumption νx 0.7662Tax 
olle
tion parameter χ 0.05Risk premium parameter φ 0.01Implied steady state relationshipHours H 0.33Government expenditure-output ratio gy 0.2Consumption-output ratio cy 0.6203Investment-output ratio iy 1− gy − iyTax 
olle
tion 
osts - output ratio χτ2

2Y 0.01Table 1: Calibrated ParametersThe estimation results are presented below4

4Full details are presented in Cantore et al. (2013a). 11



parameter prior mean post. mean 5% CI 95% CI Prior prior stdev
ρA 0.5 0.9812 0.9682 0.9957 beta 0.2
ρG 0.5 0.9311 0.8929 0.9685 beta 0.2
ρZI 0.5 0.3640 0.1452 0.5671 beta 0.2
ρB 0.5 0.7972 0.6670 0.9378 beta 0.2
ρP 0.5 0.4997 0.1652 0.8285 beta 0.2
εA 0.1 1.3487 1.0097 1.6951 invg 2.0
εG 0.5 0.7793 0.6808 0.8732 invg 2.0
εZI 0.1 2.7415 1.7539 3.9920 invg 2.0
εP 0.1 0.1015 0.0215 0.2241 invg 2.0
εM 0.1 0.0759 0.0507 0.0995 invg 2.0
εB 0.1 1.2952 0.9563 1.6334 invg 2.0Table 2: Posterior results for the exogenous sho
ksparameter prior mean post. mean 5% CI 95% CI Prior prior stdev
γ 2 1.9802 1.0632 2.8989 norm 1.5
σc 1.5 1.3734 0.8193 1.9131 norm 0.3750
̺C 0.8 0.8380 0.7090 0.9530 beta 0.10
θC 0.8 0.7047 0.6127 0.7981 beta 0.10
̺G 0.8 0.9129 0.7914 0.9949 beta 0.10
θG 0.8 0.6760 0.5085 0.8388 beta 0.10
σx 0.999 0.7034 0.4620 0.9437 gamma 1.00
ξ 25.300 25.2331 23.5999 26.8421 norm 1.00
ρπ 1.5 1.8337 1.5104 2.1494 norm 0.25
ρr 0.75 0.8529 0.8049 0.9023 beta 0.1
ρy 0.25 0.0338 0.0015 0.0657 norm 0.05Table 3: Posteriors results for model parameters4 Optimal Monetary and Fis
al Stabilization Poli
yWe 
onsider two aspe
ts of monetary and �s
al optimal stabilization poli
y. The �rst is stabilization poli
yfor `normal times'. Rules are then designed to minimize an expe
ted 
onditional welfare loss starting atsome steady state. In this 
ase the optimal poli
y problem is purely sto
hasti
: optimal poli
y is inresponse to all future sto
hasti
 sho
ks hitting the e
onomy. By 
ontrast, `
risis management ' starts withthe e
onomy starts far from the steady state, for instan
e a large Poli
y is then required both for thee
onomy to return to the steady state (a deterministi
 problem) and for it to deal with future sto
hasti
sho
ks (the sto
hasti
 problem).For both problems we adopt a linear-quadrati
 (LQ) set-up whi
h, for a given set of observed poli
y

12



instruments wt, 
onsiders model linearized around a steady state in a general state-spa
e form:





zt+1

Etxt+1




 = A






ztxt +Bwt +






ut+1

0




 (17)where zt, xt are ve
tors of ba
kward and forward-looking variables, respe
tively, wt is a ve
tor of poli
yvariables, and ut is an i.i.d. zero mean sho
k variable with 
ovarian
e matrix Σu.5Let yTt ≡ [zt xt wt]. Our balan
ed-growth steady state is that of the non-linear deterministi
 Ramseyproblem. Then following the general pro
edure set out in Appendix C, a welfare-based quadrati
 large-distortions approximation to expe
ted welfare loss at time t, Et[Ωt], where

Ωt =
1

2
(1− β)

∞∑

i=0

βt[yTt+τQyt+τ ] (18)where Q is a matrix. With the LQ approximation the normal and 
rises aspe
ts of poli
y 
onveniently
omponents de
ompose, but one optimal poli
y emerges 
onditional on the initial point.In the absen
e of a further 
onstraints, the poli
ymaker's optimization problem at time t = 0 is tominimize Ω0 given by (18) subje
t to (17) and given z0. If the varian
es of sho
ks are su�
iently large,there are two problems with the solution to this LQ problem. The �rst is that the varian
e the debt/GDPratio bt/Yt may be very high, even with a sovereign risk premium. The se
ond is that this will lead to alarge nominal interest rate variability and the possibility of the nominal interest rate be
oming negative.We defer 
onsiderations of the latter zero-lower bound problem until se
tion 4.2. Here we 
onsider theformer problem.4.1 Debt-GDP Upper Bound ConsiderationsWe pose the problem as in terms of a high probability of violating an upper bound 
onstraint on the debt-GDP ratio (for example 100%). Using dis
ounted averaging, de�ne bgt ≡ B
g
t

Yt
and b̄g ≡ E0

[
(1− β)

∑
∞

t=0 β
tbgt
]to be the dis
ounted future average of the debt-GDP path {bt}. Our `approximate form' of the upperbound 
onstraint is a requirement that b̄ is at least kb standard deviations below an upper bound bound5Lower 
ase variables are de�ned as deviations about the balan
ed growth steady state; for a typi
al variable Xt, xt ≡

logXt/Xt where Xt is the balan
ed growth steady state.
13



for bgt given by bgub. The 
onstraint is then bgub − b̄g ≥ kbsd(b
g
t ) whi
h squaring be
omes

(bgub − b̄g)2 ≥ k2b

[

E0(1− β)
∞∑

t=0

βt(bgt − b̄g)2

] (19)LemmaA su�
ient 
ondition for this 
onstraint is that the following two 
onstraints are satis�ed
E0

[

(1− β)

∞∑

t=0

βt(bgt )
2

]

≤ m

bgub
1 + k2b

− b̄g ≥ Kbwhere Kb = max

[

0,
kb

1 + k2b

√

m(1 + k2b )− b2ub

]Proof. See Appendix D.Now write the se
ond 
onstraint as
b̄g ≡ E0

[

(1− β)

∞∑

t=0

βtbgt

]

≤
bgub

1 + k2b
−KbThis means we must add two terms wbE0(1−β)[

∑
∞

t=0 β
t(bgt )

2+µb

∑
∞

t=0 β
tbgt ] = wbE0(1−β)

∑
∞

t=0 β
t(bgt +

µb

2wb
)2, where wb, µb > 0 are Lagrange multipliers, to the Lagrangian of the optimization problem. De�ning

bt = bgt − bg, it follows now that the e�e
t of the two extra 
onstraints is to repla
e the single period lossfun
tion with
y
T
t Qyt + wb(b

g
t + b∗)2 (20)where −b∗ is an asset a

umulation requirement for the �s
al authority (relative to the initial steadystate). The upper bound 
onstraint 
an then be a
hieved by a 
ombination of raising wb and lowering thevarian
e of the debt-in
ome ratio, and lowering its steady-state thereby making room for a higher varian
ewithout violating the 
onstraint.There are two possible ways of treating the steady state. The �rst is normative and seeks a quadrati
approximation about the steady state of the Ramsey problem without upper bound 
onsiderations. Thenwith our 
hoi
e of fun
tional form for the risk premium, the steady state debt-in
ome ratio bg = 0 andruling out the availability lump-sum taxes (whi
h would be optimal to use ex
lusively) the tax rates τC ,

τW and τK are 
omputed in the Ramsey problem. However we adopt a se
ond approa
h whi
h is to14




hoose empiri
al values for these tax rates and a pre-
risis debt-to-GDP ratio bg = 0.60. This enablesus to examine poli
y in the 
urrent �s
al environment that doesn't 
all for radi
al 
hanges in the taxstru
ture and a

umulation of government assets. Then following Christiano et al. (2010): τC = 0.05,
τW = 0.24, τK = 0.32. The lump-sum tax τL is then set equal to 0.0641 in order to target bg = 0.60and b∗ in (20) be
omes a debt-GDP target found 
omputationally so that the Ramsey problem with the�s
al instruments the uniform 
hange to all tax rates, τt, and bgt gives the required steady state. With thissteady state and an upper bound debt-in
ome ratio of bub = 1, a 
hoi
e of wb = 0.001 in (20) results in anextremely low probability of violating the upper bound 
onstraint, 
ertainly far lower than the thresholdwe set later for the zero lower bound 
onstraint on the nominal interest rate.4.2 Poli
y for Normal TimesIn this se
tion we examine optimal poli
y using both monetary and �s
al instruments. As in Cantoreet al. (2012) `optimality' 
an mean the welfare-optimal (Ramsey) poli
y, or time-
onsistent poli
y oroptimized Taylor-type interest rate and �s
al rules. For the latter we 
ompare the use of either ourtaxation instrument τt alone or in 
onjun
tion with government spending Gt a

ording to rules (12) aloneor together with (13). Monetary poli
y is 
ondu
ted a

ording to (15).6One 
an think of this 
hoi
e of rules as assigning responsibility for stabilizing in�ation and debt tothe monetary authority and �s
al authorities respe
tively.7 With both the interest rate and the �s
alinstruments responding to �u
tuations of output the two authorities are sharing responsibility for output�u
tuations.The assignment issue arises in a di�erent form in Leeper (1991) who provides the original 
hara
ter-isation of poli
y rules as being `a
tive' or `passive'. An a
tive monetary poli
y rule is one in whi
h themonetary authority satis�es the Taylor prin
iple in that they adjust nominal interest rates su
h that realinterest rates rise in response to ex
ess in�ation. Conversely, a passive monetary rule is one whi
h fails tosatisfy this prin
iple. In Leeper's terminology a passive �s
al poli
y is one in whi
h the �s
al instrument isadjusted to stabilize the government's debt sto
k, while an a
tive �s
al poli
y fails to do this. Our simplerules allow for both these possibilities.For simple rules we impose two `feasibility' 
onstraints (S
hmitt-Grohe and Uribe (2007)): ρrπ ≤ 5and ρτB , ρGB ≤ 0.25 to avoid threat of ex
essive 
hanges in the interest rate, tax rate and government6Full details of the solution pro
edures to 
ompute the three poli
y in a LQ framework are to be found in Currie andLevine (1993) and Levine et al. (2007).7For a re
ent dis
ussion of the assignment issue see Kirsanova et al. (2009).15



spending.8 Table 4 sets out the welfare out
omes under our three poli
y regimes with the optimizedfeedba
k parameters for the simple rule. For the latter we allow for both passive and a
tive �s
al poli
y.These are implemented by 
onstraining the parameter ρrπ to be greater (the Taylor prin
iple) or lessthan unity respe
tively. The welfare loss is reported in bra
kets as a 
onsumption equivalent per
entagein
rease below the optimal poli
y, ce.9To allow us to assess their separate 
ontributions to stabilization, four possible 
ombinations of poli
yinstruments are 
onsidered. First we 
onsider all instruments together. Then fo
using only on simple
ommitment rules, we swit
h o� the use of government spending and taxation 
hanges separately keepingthese �s
al instruments at their steady state values. Finally we 
onsider `monetary poli
y alone'. Thenfor the 
ase of a
tive �s
al poli
y the model is saddlepath-stable and government debt is stabilized withall instruments held �xed at their steady state. But with passive poli
y a tax instrument is still requiredto stabilize government debt; we use taxes with minimal feedba
k on the debt-in
ome ratio.A number of features from these results stand out. First, with all three instruments the gains from
ommitment amount to ce = 0.03% and almost all su
h gains 
an be a
hieved by an optimized simple rulewith passive �s
al poli
y. An optimized rule with a
tive �s
al poli
y by 
ontrast is hardly better thandis
retion in welfare terms and 
onsists of a 
onstant tax rate. The optimized monetary rule involves noresponse to output 
hanges and with a very high degree of persisten
e is 
lose to a pri
e-level rule.10 Se
ond,the results from swit
hing o� the �s
al instruments one at a time indi
ate that government spending isthe more e�e
tive �s
al instrument. Indeed the optimized a
tive �s
al rule without the use of governmentspending sees a substantial welfare loss 
ompared with the fully optimal poli
y with all instruments ofover a 1% 
onsumption equivalent. Why are tax 
hanges less e�e
tive for stabilization purposes? Thereason must be the existen
e of tax distortions in the model and the more dire
t demand 
hannel o�eredby government spending in our NK model. Third, with monetary poli
y alone and a
tive �s
al poli
y8In fa
t ρτB, ρGB ≤ 0.25 is the minimal feedba
k for either instrument separately to stabilize the government debt-in
omeratio.9To derive the welfare in terms of a 
onsumption equivalent per
entage in
rease. (ce ≡ ∆C
C

×102), expanding U(Xt, 1−Nt)as a Taylor series, ∆U = UC∆C = CMUCce × 10−2. Losses X reported in the Table are of the order of varian
es expressedas per
entages and have been s
aled by 1 − β. Thus X × 10−4 = ∆U and hen
e ce = X×10−2
CMUC . For the steady state of thismodel, CMUC = 0.503. It follow that a welfare loss di�eren
e of X = 1 gives a 
onsumption equivalent per
entage di�eren
eof ce ≈ 0.02%.10There has been a re
ent interest in the 
ase for pri
e-level rather than in�ation stability. Gaspar et al. (2010) provide anex
ellent review of this literature. The basi
 di�eren
e between the two regimes in that under an in�ation targeting mark-upsho
k leads to a 
ommitment to use the interest rate to a

ommodate an in
rease in the in�ation rate falling ba
k to itssteady state. By 
ontrast a pri
e-level rule 
ommits to a in�ation rate below its steady state after the same initial rise. Underin�ation targeting one lets bygones be bygones allowing the pri
e level to drift to a permanently di�erent pri
e-level pathwhereas pri
e-level targeting restores the pri
e level to its steady state path. The latter 
an lower in�ation varian
e and bewelfare enhan
ing be
ause forward-looking pri
e-setters anti
ipates that a 
urrent in
rease in the general pri
e level will beundone giving them an in
entive to moderate the 
urrent adjustment of its own pri
e.16



all three tax instruments are held �xed at their steady states. Then it is left entirely to the pri
e levelto stabilize the e
onomy and government debt in parti
ular in the fa
e of sho
ks. As a 
onsequen
e thevolatility of in�ation is very high as seen in the impulse responses, dis
ussed below. This regime leads tothe highest possible varian
es and welfare 
osts of ce = 1.11% so we 
an 
on
lude that this is a measure ofthe maximum 
ost of business 
y
le �u
tuations. Finally, apart from the 
ase of simple rules with a
tive�s
al poli
y, the standard deviation of the nominal interest rates are high indi
ating a zero lower boundproblem. This we return to in a later sub-se
tion. However even with a steady-state debt-GDP ratio at
60%, the upper end required in the Euro-zone, and an upper bound of 100%, the standard-deviationsreported in Table 5 with wb set at a low value wb = 0.001 implies a very low probability of ex
eeding thisupper bound.Figures 1-8 show the impulse responses to a 1% in
rease in the te
hnology, mark-up, investment andpreferen
e sho
ks respe
tively. For ea
h sho
k we �rst display the impulse responses for all poli
y regimes.For these, the fully optimal 
ommitment rule and the optimized simple rule with passive �s
al poli
y arevery 
lose, so in a se
ond �gure we fo
us only on these two.We see the familiar impulse responses in a NK model a
ross all three monetary poli
y regimes. For ate
hnology sho
k output immediately rises and, in�ation falls. The optimal poli
y is to 
ommit to a sharpmonetary relaxation before gradually returning to the steady state. Both 
onsumption and leisure rise(the latter a familiar result in the NK literature) and hours fall. The produ
tivity sho
k results in a fallin the mark -up, a rise in the real wage, the real marginal 
ost and in�ation rises under optimal and time
onsistent poli
y. Consumption and investment rise, the latter in response to a fall in the real interestrate. Real variables - output, hours and 
onsumption di�er little between optimal and time 
onsistentpoli
y for all sho
ks, whi
h explains the small welfare di�eren
es in Table 4 for all sho
ks 
ombined. Fora (negative) mark-up sho
k (a sho
k to the elasti
ity parameter ζ) output, 
onsumption, investment,hours rise. In�ation and the nominal interest 
hange by very little and in a fashion 
onsistent with theTaylor rule. The investment sho
k 
auses output and hours to rise but 
rowds out 
onsumption. In allthese responses the optimized simple rule with passive �s
al poli
y 
losely mimi
s the fully optimal poli
y,
on�rming the welfare out
omes in Table 4.If government spending does not rea
t to publi
 debt and real output deviations, in Figures 9 and10 we 
an explore a �s
al stimulus through an exogenous impulse to government spending of size oneper
ent. With the tax rule in pla
e, this in
rease in government spending is �nan
ed by a 
ombination ofdistortionary and non-distortionary tax. 17



Poli
y Mix Rule [ρr, ρrπ, ρry] [ρτ , ρτB, ρτy] [ρG, ρGB, ρGy] Loss (ce)All Instruments Optimal not appli
able not appli
able not appli
able 1.98 (0)All Instruments Time Cons not appli
able not appli
able not appli
able 3.43 (0.03)All Instruments Simple (PF) [0.91, 5.00, 0.00] [0.15, 0.25, 0.36] [0.39, 0.25, 0.39] 2.19 (0.004)All Instruments Simple (AF) [0.00, 0.00 0.00] [0.00, 0.00, 0.00] [0.44, 0.00, 0.50] 2.80 (0.02)
Rt, Tt; Gt = G Simple (PF) [1.00, 5.00, 0.00] [0.62, 0.25, 0.00] [0.00, 0.00, 0.00] 4.16(1.04)
Rt, Tt; Gt = G Simple (AF) [0.00, 0.00 0.00] [0.85, 0.00, 0.02] [0.00, 0.00, 0.00] 53.3 (1.02)
Rt, Gt; Tt = T Simple (PF) [0.89, 5.00, 0.00] [0.00, 0.00, 0.00] [0.57, 0.25, 0.25] 2.26 (0.006)
Rt, Gt; Tt = T Simple (AF) [0.05, 0.00 0.00] [0.00, 0.00, 0.00] [0.44, 0.00, 0.50] 2.81 (0.02)

Rt; min Tt, Gt = G Simple (PF) [1.00, 5.00, 0.00] [0.00, 0.25, 0.00] [0.00, 0.00, 0.00] 4.43(0.05)
Rt; min Tt, Gt = G Simple (AF) [0.00, 0.00 0.00] [0.00, 0.00, 0.00] [0.00, 0.00, 0.00] 57.7 (1.11)Table 4: Optimal Interest Rate, Taxation and Government Spending Rules: Welfare Out
omes.The welfare loss is reported as a 
onsumption equivalent per
entage in
rease above the optimal poli
y.Poli
y Mix Rule sd(Yt) sd(Πt) sd(ht) sd(Ct) sd(Rt) sd(τt) sd(Gt) sd( B

4Y
)All Instruments Optimal 9.14 0.13 0.81 7.89 1.49 2.67 9.46 6.40All Instruments Time Cons 9.20 0.28 1.27 7.84 1.00 13.3 9.14 14.3All Instruments Simple (PF) 8.88 0.13 1.34 7.69 0.47 2.31 9.07 9.84All Instruments Simple (AF) 8.47 0.29 1.92 7.66 0 0 7.50 0.77

Rt, Tt; Gt = G Simple (PF) 7.02 0.12 2.46 3.68 0.42 8,80 0 14.0
Rt, Tt; Gt = G Simple (AF) 6.47 3.99 7.94 6.00 0 0 0 11.9
Rt, Gt; Tt = T Simple (PF) 8.65 0.13 1.46 7.86 0.46 0 7.69 5.03
Rt, Gt; Tt = T Simple (AF) 8.47 0.29 1.92 7.66 0 0 7.50 0.77

Rt; min Tt, Gt = G Simple (PF) 8.73 0.12 4.91 16.1 0.43 96.6 0 445
Rt; min Tt, Gt = G Simple (AF) 6.47 3.97 7.94 6.01 0 0 0 12.0Table 5: Optimal Interest Rate, Taxation and Government Spending Rules: Volatility Out
omesAn in
rease in aggregate demand as su
h a
ts as a �s
al stimulus - in fa
t with G

Y
= 0.2 in the steadystate the impa
t multiplier is well over unity in our estimated model and almost identi
al a
ross all poli
yregimes.11 In�ation falls initially be
ause the estimated degree of deep habits makes aggregate supplyinitially shift more than aggregate demand, but then rises, whi
h eli
its an interest rate initial rise butthen a fall, again for all regimes. In our model with deep habits we see the familiar result in the literaturehighlighted in our introdu
tion that a �s
al stimulus 
auses the mark-up to de
rease, the real wage to riseand a 
rowding in of 
onsumption. For a (negative) mark-up sho
k (a sho
k to the elasti
ity parameter

ζ) output, 
onsumption, investment, hours rise. In�ation and the nominal interest 
hange by very littleand in a fashion 
onsistent with the Taylor rule. The investment sho
k 
auses output and hours to risebut 
rowds out 
onsumption.11Note that Figures 9 and 10 depi
t impulse response fun
tions (irf) to a sho
k to government spending of size one per
entand the �s
al multiplier is given by ∆Yt

∆Gt
= Yt

Gt
× irf. 18
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Optimal TCT Simple (Passive Fiscal) Simple (Active Fiscal)Figure 7: IRFs for Optimal Monetary, Taxation and Government Spending Rules. Preferen
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Optimal TCT Simple (Passive Fiscal) Simple (Active Fiscal)Figure 9: IRFs for Optimal Monetary and Taxation Rules. Fis
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al Stimulus

23



4.3 Interest Rate Zero Lower Bound ConsiderationsTable 5 indi
ates that the aggressive nature of these rules leads to high interest rate varian
es resulting ina ZLB problem for all the rules. From the table with our zero-in�ation steady state and nominal interestrate of 1% per quarter, optimal poli
y varian
es between 1.00 and 1.49 of a normally distributed variableimply a probability per quarter of hitting the ZLB in the range [0.14, 0.22]. At the upper end of theseranges the ZLB would be hit almost every year. In this subse
tion we address this issue.As for the upper bound on the debt-GDP ratio, we 
an impose a lower bound e�e
t on the nominalinterest rate by modifying the dis
ounted quadrati
 loss 
riterion as follows.12 Consider �rst the ZLB
onstraint on the nominal on the nominal interest rate. Rather than requiring that the gross rate Rt ≥ 1for any realization of sho
ks, we impose the 
onstraint that the mean gross rate should at least k standarddeviation above the ZLB. Again, for analyti
al 
onvenien
e we use dis
ounted averages.De�ne R̄ ≡ E0

[
(1− β)

∑
∞

t=0 β
tRt

] to be the dis
ounted future average of the nominal interest ratepath {Rt}. Our `approximate form' of the ZLB 
onstraint is a requirement that R̄ is at least kr standarddeviations above the zero lower bound; i.e., using dis
ounted averages that
R̄ ≥ krsd(Rt) = kr

√

R2 − (R̄)2 (21)Squaring both sides of (21) we arrive at
E0

[

(1− β)
∞∑

t=0

βtR2
t

]

≤ Kr

[

E0

[

(1− β)
∞∑

t=0

βtRt

]]2 (22)where Kr = 1 + k−2
r > 1Again, as in upper bound debt-in
ome ratio 
onsiderations, we 
an write this as two su�
ient 
on-straints

E0

[

(1− β)
∞∑

t=0

βtR2
t

]

≤ m

E0

[

(1− β)

∞∑

t=0

βtRt

]

≥

√
m

Krwhi
h is equivalent to adding wrE0(1−β)[
∑

∞

t=0 β
tR2

t +µr

∑
∞

t=0 β
tRt] = wrE0(1−β)

∑
∞

t=0 β
t(Rt−

µr

2wr
)2,12This follow the treatment of the ZLB in Woodford (2003) and Levine et al. (2008a)24



where wr, µr > 0 are Lagrange multipliers, to the Lagrangian of the optimization problem.wr It followsthat the e�e
t of the extra 
onstraint is to follow the same optimization as before, ex
ept that the singleperiod loss fun
tion of log-linearized variables is repla
ed with
Lt = y

T
t Qyt + wr(rt − r∗)2 (23)where rt ≡ log Rr

R
and r∗ is a nominal interest rate target for the 
onstrained problem relative to thesteady state.In our LQ approximation of the non-linear optimization problem we have linearized around the Ramseysteady state whi
h has zero in�ation. With a ZLB 
onstraint, the poli
ymaker's optimization problem isnow to 
hoose an un
onditional distribution for rt, shifted to the right by an amount r∗, about a newpositive steady-state in�ation rate, su
h that the probability of the interest rate hitting the lower boundis extremely low. This is implemented by 
hoosing the weight wr for ea
h of our poli
y rules so that

z0(p)σr < R(Π) − 1 where z0(p) is the 
riti
al value of a standard normally distributed variable Z su
hthat prob (Z ≤ z0) = p, R(Π) = ΠR(1) is the shifted nominal gross interest rate 
orresponding to a grossin�ation rate Π (all in the steady state). Then given σr the steady state positive gross in�ation rate thatwill ensure Rt ≥ 1 with probability 1− p is given by
Π∗ = max

[
z0(p)σr + 1

R(1)
, 1

] (24)In our linear-quadrati
 framework we 
an write the intertemporal expe
ted welfare loss at time t = 0as the sum of sto
hasti
 and deterministi
 
omponents, Ω0 = Ω̃0 + Ω̄0. By in
reasing wr we 
an lower σrthereby de
reasing π∗ ≡ Π∗ − 1 (the net shifted in�ation rate) and redu
ing the deterministi
 
omponent,but at the expense of in
reasing the sto
hasti
 
omponent of the welfare loss. By exploiting this trade-o�,we then arrive at the optimal poli
y that, in the vi
inity of the steady state, imposes a ZLB 
onstraint,
Rt ≥ 1 with probability 1− p. Figures 11 � 13 and Table 6 show this solution to the problem for all threepoli
y regimes with p = 0.0025; ie., a very stringent ZLB requirement that the probability of hitting thezero lower bound is only on
e every 400 quarters or 100 years.In this analysis it is important to stress that the extra term in the welfare 
riterion for the nominalinterest rate only exists to impose the relevant 
onstraints. After 
omputing optimal poli
y when we
ome to reporting the welfare loss this extra 
ontribution is removed in the numbers reported to give an`adjusted' loss. 25



Rule [ρr, ρrπ, ρry] [ρτ , ρτB, ρτy] [ρG, ρGB, ρGy] Adjusted Loss (ce) wr π∗ sd(Rt)Optimal not appli
able not appli
able not appli
able 2.09 (0.00) 0.006 0 0.36Time Cons not appli
able not appli
able not appli
able 6.08 (0.08) 0.005 0.1 0.37Simple (PF) [1.00, 1.76, 0.00] [0.51, 0.25, 0.07] [0.63, 0.00, 0.23] 2.28 (0.002) 0.007 0 0.33Simple (AF) [0.00, 0.00 0.00] [0.00, 0.00, 0.00] [0.39, 0.00, 0.50] 3.40 (0.03) 0 0 0Table 6: Imposing the Zero Lower Bound with All Instruments.From Table 6 we observe �rst, that the imposition of the ZLB 
onstraint in
reases the gains from
ommitment, in fa
t it doubles from ce = 0.04% to ce = 0.08%.13 Se
ond the aggressive response of thenominal interest rate in the optimized simple rule with passive �s
al poli
y seen previously with no ZLB
onsiderations now gives way to a far more restrained stan
e. The interest rate regime now be
omes apure pri
e level rule on whi
h we have 
ommented. Finally, alongside the sto
hasti
 stabilization bias ofdis
retion we now see a deterministi
 steady-state in�ationary bias of 0.1% per quarter.Note that in our LQ framework, the zero interest rate bound is very o

asionally hit; then the interestrate is allowed to be
ome negative, possibly using a s
heme proposed by Gesell (1934) and Keynes (1936).Our approa
h to the ZLB 
onstraint (following Woodford (2003) and S
hmitt-Grohe and Uribe (2004) )14in e�e
t repla
es it with a nominal interest rate variability 
onstraint whi
h ensures the ZLB is hardly everhit. By 
ontrast the work of a number of authors in
luding Adam and Billi (2007), Coenen and Wieland(2003), Eggertsson and Woodford (2003) and Eggertsson (2006) study optimal monetary poli
y with
ommitment in the fa
e of a non-linear 
onstraint Rt ≥ 1 whi
h allows for frequent episodes of liquiditytraps in the form of Rt = 1. But it is open to question whether the solution methods in these papersare adequate for models as large as that of this paper. For deterministi
 and sto
hasti
 simulations oflinearized DSGE models for a given poli
y rule, Holden and Paetz (2012) provide a parti
ularly e�
ient andimplementable algorithm for general inequality 
onstraints and a very useful assessment of this literature.
13See Levine et al. (2008a) for further dis
ussion of this result.14As in Levine et al. (2008a), we generalize the treatment of these authors however by allowing the steady-state in�ationrate to rise. Our poli
y pres
ription has re
ently been des
ribed as a �dual mandate� in whi
h a 
entral bank 
ommitted toa long-run in�ation obje
tive su�
iently high to avoid the ZLB 
onstraint as well as a Taylor-type poli
y stabilization ruleabout su
h a rate - see Blan
hard et al. (2010) and Gavin and Keen (2012).26
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4.4 Crisis Management of High Debt: How Fast, How Deep?Finally we examine the question of how fast should a �s
al 
onsolidation pro
eed. To examine this wesubje
t the model to a further initial unanti
ipated debt sho
k. First we de
ompose the state ve
tor zt indeviation form about the deterministi
 steady state into deterministi
 and sto
hasti
 
omponents:zt = z̄t
︸︷︷︸deterministi
+ z̃t

︸︷︷︸sto
hasti
and similarly for xt and the instruments wt = w̄t+ w̃t Then exploiting the LQ stru
ure of the problem theexpe
ted quadrati
 welfare loss 
an be expressed as Et[Ωt] = Ω̄t + Et[Ω̃t] and the optimal poli
y designde
omposes intoA: Min Ω̄t wrt w̄t → deterministi
 expe
ted pathandB: Min Et[Ω̃t] wrt w̃t → sto
hasti
 state-
ontingent path or ruleWe have already 
onsidered problem B (poli
y for normal times). Now we turn to problem A where thepoli
ymaker is fa
ed with an initial in
rease in the debt-GDP ratio. We examine a 20% in
rease whi
h isstill su�
iently small for the linearization to be valid, but large enough to be of interest. We use the rulesdesigned to avoid hitting the interest rate ZLB set out in Table 6. Figures 14 and 15 show the simulationresults.These four sets of traje
tories provide the expe
ted responses of output, 
onsumption et
 to the unan-ti
ipated debt sho
k. If the poli
ymaker 
hooses to 
ontinue with the state-
ontingent simple rules designedfor normal times in response to future te
hnology, mark-up, investment and preferen
e sho
ks she wouldannoun
e a 
onsolidation programme that follows one of the simple rules. But in this deterministi
 ex-er
ise there is no reason why she should not instead follow the traje
tory of the optimal poli
y, as longas 
ommitment is 
redible (poli
y A) and use the rule B for any unexpe
ted deviation about this path(poli
y B).
30
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Three features of our results then stand out: �rst, there appears to be some support for slow 
onsolida-tion, in response to high initial debt. Along the optimal traje
tory the debt to in
ome ratio falls at the rateof around 1% per year. Se
ond, this 
onsolidation is a
hieved using tax in
reases rather than a de
reasein government spending. Third, if the government la
ks 
ommitment or must sti
k with the a
tive �s
alrules the optimal speed of �s
al 
onsolidation is mu
h faster. The simple rules with a
tive �s
al poli
yare parti
ularly striking. A debt sho
k brings about a substantial in
rease in the pri
e level to stabilizethe debt-GDP ratio. This a
ts as a large supply-side sho
k with output, 
onsumption, the real wage andhours working rising sharply. As a 
onsequen
e the debt falls qui
kly. Sin
e this parti
ular rule dominatesthe graph, Fig 15 removes it and fo
uses on the simple passive �s
al rule alongside optimal poli
y. Theseresponses are more plausible. Optimal poli
y promotes some initial output growth whi
h gives way toausterity. Taxes rise substantially along with some more modest fall in government spending. Debt fallsvery slowly. Unlike normal times, the optimized simple rules falls short of mimi
king the performan
e ofthe optimal poli
y for debt redu
tion, but the optimal rate of de
line of debt remains slow.5 Con
lusionsThis paper has examined �s
al-monetary intera
tions in a NK DSGE model with deep habits, distortionarytaxes and a sovereign risk premium for government debt. As shown in Cantore et al. (2012) deep habits
ru
ially a�e
t the �s
al transmission me
hanism in that it leads to a 
ounter-
y
li
al mark-up even whenpri
es are �exible. This feature boosts the size of a output expansion or 
ontra
tion with important
onsequen
es for optimal monetary and �s
al poli
y.We pro
eed to use the model in 
onju
tion with the Bayesian estimates of Cantore et al. (2013a) to
ompute optimal monetary and �s
al poli
y �rst in `normal times' with debt at its steady state and then ina 
risis period with a mu
h higher initial debt-GDP ratio. For the former, we �nd that both taxation andgovernment spending �s
al instruments alongside monetary poli
y, the gains from 
ommitment amountto a 
onsumption equivalent of ce = 0.03% and almost all su
h gains 
an be a
hieved by an optimizedsimple rule with passive �s
al poli
y. An optimized rule with a
tive �s
al poli
y by 
ontrast is hardlybetter than dis
retion in welfare terms and 
onsists of a 
onstant tax rate. The optimized monetary ruleinvolves no response to output 
hanges and, with a very high degree of persisten
e, is 
lose to a pri
e-levelrule. By swit
hing o� the �s
al instruments one at a time we �nd that government spending is the moree�e
tive �s
al instrument in welfare terms. With monetary poli
y alone and a
tive �s
al poli
y all three32



tax instruments are held �xed at their steady states. This provides a measure of the maximum 
ost ofbusiness 
y
le �u
tuations whi
h turns out to be over 1% in 
onsumption equivalent terms. Apart fromthe 
ase of simple rules with a
tive �s
al poli
y, the standard deviation of the nominal interest rates arehigh indi
ating a zero lower bound problem whi
h we address by modifying the optimization problem andthe subsequent monetary rule.For 
risis management, �s
al 
onsolidation should be slow unless the �s
al authority 
annot 
ommit,or must sti
k with a a
tive �s
al simple rule. For the former 
ase optimal 
onsolidation is best a
hievedusing tax in
reases and should pro
eed slowly at a rate of approximately 1% of debt-GDP per year. Thusan e
onomy that sets out with an initial debt-in
ome ratio of 100% to a
hieve a requirement of 60%should allow 40 years, 
learly mu
h slower than envisaged in 
urrent austerity programmes in Europe andelsewhere.Two priorities for future resear
h seem apparent. First in this paper we have adopted the standardinformation assumptions - perfe
t information on the part of the private se
tor, but a limited use of databy the e
onometri
ian. Elsewhere we have highlighted these in
onsistent and implausible informationassumptions (Levine et al. (2012)). It would be of interest to see if our results remain inta
t under infor-mational 
onsisten
y. Se
ond, our model assumes full employment so if anything we are underestimatingthe 
ost of 
onsolidation. We plan to revisit all the issues and experiments in this paper using a modelwith sear
h-mat
h labour market fri
tions as set out in Cantore et al. (2013b).Referen
esAdam, K. and Billi, R. M. (2007). Dis
retionary monetary poli
y and the zero lower bound on nominalinterest rates. Journal of Monetary E
onomi
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A Calibration of the Sovereign Risk Premium Parameter φIn order to 
alibrate the sovereign risk premium, we assume the debt-to-GDP being one at the steadystate su
h that the gross steady-state sovereign spread is simply Ψ = exp(φ). Hen
e given a yearly netspread, spread, the asso
iated φ for our quarterly model is φ = log
(

1 + spread
4

). In the table below wereport the parameter values φ takes at di�erent levels of the sovereign spread.Yearly spread (basis points) Quarterly net spread (spread/4) φ0 0.00000 0.0000050 0.00125 0.00054100 0.00250 0.00108200 0.00500 0.00217300 0.00750 0.00325400 0.01000 0.00432500 0.01250 0.00540Table 7: Calibration of the sovereign risk premiumB Optimal Choi
e of Government Spending and Calibration of νxConsider the RBC 
ore of the model without a nominal dimension. Then the so
ial planner's deterministi
problem at time t = 0 is to allo
ate 
onsumption, hours, output, investment, 
apital sto
k and governmentspending over time so as to maximize ∑∞

t=0 β
tUt(Xt,Ht) subje
t to a resour
e 
onstraint

Yt = Ct + It +Gt (B.1)where
Xt =

{

ν
1
σx
x [Xc

t ]
σx−1
σx + (1− νx)

1
σx [Xg

t ]
σx−1
σx

} σx
σx−1 (B.2)

Xc
t = Ct − θcSc

t−1 (B.3)
Sc
t = ̺cSc

t−1 + (1− ̺c)Ct (B.4)
Xg

t = Gt − θgSg
t−1 (B.5)

Sg
t = ̺gSg

t−1 + (1− ̺g)Gt (B.6)
Yt = F (Ht,Kt)− FC (B.7)
Kt = (1− δ)Kt−1 + It

[

1− S

(
It
It−1

)] (B.8)38



To perform this optimization set up the Lagrangian
L0 =

∞∑

t=0

βt
[

Ut(Xt,Ht) + µ1,t[Yt − Ct − It −Gt] (B.9)
+ µc

2,t[X
c
t − Ct + θcSc

t−1] + µc
3,t[S

c
t − ̺cSc

t−1 − (1− ̺c)Ct] (B.10)
+ µg

2,t[X
g
t −Gt + θgSg

t−1] + µg
3,t[S

g
t − ̺gSg

t−1 − (1− ̺g)Gt] (B.11)
+ µ4,t

[

Kt − (1− δ)Kt−1 − It

[

1− S

(
It

It−1

)]] (B.12)
+ µ5,t[Yt − F (Ht,Kt) + FC]

] (B.13)We are interested only in the allo
ation between private and publi
 
onsumption given hours, invest-ment, 
apital sto
k and therefore output. The �rst-order 
onditions relevant for this problem are:
Xc

t : UXc,t + µc
2,t = 0 (B.14)

Ct : −µ1,t − µc
2,t − µc

3,t(1− ̺c) = 0 (B.15)
Sc
t−1 : β−1µc

3,t−1 − ̺cµc
3,t + θcµc

2,t = 0 (B.16)
Xg

t : UXg ,t + µg
2,t = 0 (B.17)

Gt : −µ1,t − µg
2,t + µg

3,t(1− ̺g) = 0 (B.18)
Sg
t−1 : β−1µg

3,t−1 − ̺gµg
3,t + θgµg

2,t = 0 (B.19)It follows that the di�eren
e between the 
omposite private and publi
 marginal 
onsumption is given by
UXc,t − UXg ,t = µg

2,g − µc
2,t = −µg

3,t(1− ̺g) + µc
3,t(1− ̺c) (B.20)This result 
ontrasts with the 
hoi
e of the atomisti
 household who takes the sto
ks of habit as exogenousand therefore ignores the two 
onstraints in habit putting µg

3,t = µc
3,t = 0. Thus UXc,t = UC,t = UXg ,t =

UG,t holds and is individually optimal for this 
ase giving an allo
ation for whi
h the household would vote.We use this 
ondition to 
alibrate the preferen
e parameter νx. However it is not the 
orre
t 
ondition forthe so
ial optimum in the presen
e of external habit.
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The steady state of (B.14)-(B.19) is given by
UXc + µc

2 = 0 (B.21)
−µ1 − µc

2 − µc
3(1− ̺c) = 0 (B.22)

µc
3 − β̺cµc

3 + βθcµc
2 = 0 (B.23)

UXg + µg
2 = 0 (B.24)

−µ1 − µg
2 − µg

3(1− ̺g) = 0 (B.25)
µg
3 − β̺gµg

3 + βθgµg
2 = 0 (B.26)(B.27)Some algebrai
 manipulation then leads to

UXc − UXg = µc
2 − µg

2 =
µc
2(1− ̺c)βθc

(1− β̺c)
−

µg
2(1− ̺g)βθg

(1− β̺g)
(B.28)so the so
ial planner's allo
ation 
oin
ides with that 
hosen by the atomisti
 household (µc

2 = µg
2) i�

(1− ̺c)θc

(1− β̺c)
=

(1− ̺g)θg

(1− β̺g)
(B.29)This 
ondition holds if deep habit parameters are the same for private and publi
 
onsumption (our priors),but otherwise will only hold by extreme 
oin
iden
e.Finally note that the steady-state allo
ation of the so
ial planner's inter-temporal problem is not thesame as the optimum of the steady-state inter-temporal utility. The latter is found by maximizing U(X,H)subje
t to

X =

{

ν
1
σx
x [Xc]

σx−1
σx + (1− νx)

1
σx [Xg]

σx−1
σx

} σx
σx−1 (B.30)

Xc = C − θcSc (B.31)
Sc = C (B.32)
Xg = G− θgSg (B.33)
Sg = G (B.34)
Y = F (H,K)− FC (B.35)
K = δ−1I (B.36)40



The two problems only 
oin
ide if β = 1 in whi
h 
ase (B.29) be
omes simply θc = θg.The Ramsey problem for the NK model adds the nominal side determining pri
es, given the monetaryinstrument, and in�ation 
osts to the resour
e 
onstraint. This however does not 
hange the publi
-private
onsumption problem whi
h remains as before.An interesting impli
ation of the non-optimality of the steady state of the inter-temporal problem isthat on
e it is rea
hed it is not optimal to stay there. In general, the solution to the so
ial planner's problemstarting from some arbitrary initial 
on�guration of the e
onomy is only ex ante optimal � anywhere alongthe traje
tory (in
luding the �nal steady state) there exists an in
entive to re-optimize. This is justanother way of saying that the solution to the so
ial planner's problem is time-in
onsistent and the sameapplies the the Ramsey problem. An impli
ation of all this is that even if we 
alibrate preferen
es su
hthat the observed G/Y is 
onsistent with the steady state of the so
ial optimum then a spending sho
k
an immediately in
rease or de
rease the inter-temporal utility as observed in our simulations. In fa
tour 
alibration imposes UC,t = UG,t whi
h is only individually optimal and then it turns out that an AR1negative spending sho
k in
reases welfare despite lowering output. But all these depends on the relativestrength of deep habit for private and publi
 
onsumption.C The Hamiltonian Quadrati
 Approximation of WelfareSuppose we have a deterministi
 dynami
 optimization problem expressed in the form15max ∞∑

t=0

βtU(Xt−1,Wt) s.t. Xt = f(Xt−1,Wt) (C.1)given initial and possibly tranversality 
onditions, whi
h has a steady state solution X̄, W̄ for the states Xtand the poli
ies Wt. De�ne xt = Xt − X̄ and wt = Wt − W̄ as representing the �rst-order approximationto deviations of states and poli
ies from their steady states.The Lagrangian L for the problem is
L =

∞∑

t=0

βt[U(Xt−1,Wt)− λT
t (Xt − f(Xt−1,Wt))] (C.2)15This Appendix 
losely follows Levine et al. (2008b). An alternative representation of the problem is U(Xt,Wt) and

Et[Xt+1] = f(Xt,Wt) where Xt in
ludes forward-looking non-predetermined variables and Et[Xt+1] = Xt+1 for the deter-ministi
 problem where perfe
t foresight applies. Whi
hever one uses, it is easy to swit
h from one to the other by a simplere-de�nition. Magill (1977a) adopted a 
ontinuous-time model without forward-looking variables. We present a dis
rete-timeversion with forward-looking variables. As we demonstrate in the paper, although the in
lusion of forward-looking variablessigni�
antly alters the nature of the optimization problem, these 
hanges only a�e
t the boundary 
onditions and not thesteady state of the optimum whi
h is all we require for LQ approximation.41



so that a ne
essary 
ondition for the solution to (C.1) is that the Lagrangian is stationary at all {Xs}, {Ws}i.e.
UW + λT

t fW = 0 UX −
1

β
λT
t−1 + λT

t fX = 0 (C.3)These ne
essary 
onditions for an optimum do not imply that the there is an asymptoti
 steady state to(C.3). However for the purposes of this paper, let us assume that this is the 
ase, so that a steady state λ̄ forthe Lagrange multipliers exists as well. Now de�ne the Hamiltonian Ht = U(Xt−1,Wt) + λ̄T f(Xt−1,Wt).The following is the dis
rete time version of Magill (1977a):Theorem 1: If a steady state solution (X̄, W̄ , λ̄) to the optimization problem (C.1) exists, then forany small initial perturbation x0 about X̄, the solution to the problemmax 1

2

∞∑

t=0

βt

[

xt−1 wt

]






HXX HXW

HWX HWW











xt−1

wt




 s.t. xt = fXxt−1 + fWwtwhere HXX , et
 denote se
ond-order derivatives evaluated at (X̄, W̄ ), has the same stability propertiesas the solution to (C.1).Judd (1998), (page 506) thus identi�es this as the LQ approximation to the problem (C.1). Thereason why this result holds is be
ause the derivatives of the Lagrangian with respe
t to Xt and Wt arezero when evaluated at (X̄, W̄ , λ̄). By de�nition, ∑∞

t=0 β
tU(Xt−1,Wt) =∑∞

t=0 β
t[U(Xt−1,Wt)− λ̄T (Xt −

f(Xt−1,Wt))], and the �rst-order term of the Taylor series expansion of the latter expression is zero.Although we deal dire
tly with forward-looking systems in Theorem 3(b) below, we note that the abovetheorem applies both to ba
kward-looking engineering-type systems and to rational expe
tations (RE)systems, in that approximation is about the long run of the optimum. However in the 
ase of RE, the
onventional optimum is obtained as a time-in
onsistent solution, but the LQ approximation 
an also beused to obtain the timeless perspe
tive optimum.For the result of theorem to hold (X̄, W̄ , λ̄) must satisfy (C.3). These, it should be stressed, are ne
-essary but not su�
ient 
onditions for a lo
al maximum. A standard su�
ient 
ondition for optimalityis that the fun
tions f(X,W ) and U(X,W ) are 
on
ave, but this is rarely satis�ed in examples frome
onomi
s. A more useful su�
ient 
ondition is the following:
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Theorem 2: A su�
ient 
ondition for for the steady state of (C.3) to be a lo
al maximum is thatthe matrix of se
ond derivatives of H in (C) is negative semi-de�nite16.This 
ondition is easy to 
he
k, but in the event that it does not hold, the following dis
rete timeversion of the su�
ient 
onditions for an optimum in Magill (1977b) is appli
able when the 
onstraintsand/or the welfare fun
tion are non-
on
ave. It is based on iterating on the quadrati
 approximationto the value fun
tion. Part (a) below is a standard result, and relates to the fa
t that one requires ase
ond-order 
ondition to be met for the poli
y variables. Part (b), whi
h is the main theoreti
al result ofthis paper, extends part (a) to the 
ase when there are forward-looking variables.Theorem 3:(a) Case with no forward-looking variables: A ne
essary and su�
ient 
ondition for the solution(C.3) to the dynami
 optimization problem (C.1) to be a lo
al maximum is that βfT
WPtfW +HWW is neg-ative de�nite for all t, where the matri
es fX , fW ,HXX ,HXW ,HWW are all evaluated along the solutionpath and Pt satis�es the ba
kwards Ri

ati equation given by:

Pt−1 = βfT
XPtfX − (βfT

XPtfW +HXW )(βfT
WPtfW +HWW )−1(βfT

WPtfX +HWX) +HXX (C.4)and the value fun
tion of small perturbations xt about the path of the optimal solution dynami
 optimiza-tion problem is given by 1
2x

T
t Ptxt.(b) Case with forward and ba
kward-looking variables: Consider a rational expe
tations sys-tem, where we order Xt as predetermined followed by non-predetermined variables, so that the latterdynami
 
onstraints involve forward-looking expe
tations. Suppose that there is a long-run steady statesolution to the �rst-order 
onditions. Then a further ne
essary and su�
ient 
ondition for this to be a max-imum is that the bottom right-hand 
orner P22 of the the steady-state Ri

ati matrix P is negative de�nite.Proof of TheoremThe basi
 idea is that the the optimal poli
y depends on the initial 
ondition and the instruments and, inthe 
ase of an RE system, the jumps in the non-predetermined variables. Given the latter, one 
an takea dynami
 programming approa
h to the problem to prove (a): taking variations about the optimal path,one may write the value fun
tion Vt at time t as a 
onstant plus 1

2x
T
t Ptxt. Using (C), one 
an write the16A simple example of a problem for whi
h a maximum exists, but for whi
h this su�
ient 
ondition does not hold is: max

x2 − y2 su
h that y = ax+ b. It is easy to see that the stationary point is a maximum when |a| > 1.43



value fun
tion Vt−1 (ignoring 
onstants) as
Vt−1 =

1

2
max

{

β(fXxt−1 + fWwt)
TPt(fXxt−1 + fWwt) +

[

xt−1 wt

]




HXX HXW

HWX HWW








xt−1

wt





} (C.5)with respe
t to wt. The stated 
onditions for a maximum, and the update of Pt are straightforward toderive from this.To prove (b), re
all that from Currie and Levine (1993), we have the result under RE that V0 is givenby 1
2 (x

pT
0 (P11 − P12P

−1
22 P21)x

p
0 + pT0 P

−1
22 p0) where xpt are the deviations in the predetermined variables,

p0 is the initial value of the Lagrange multipliers asso
iated with the non-predetermined variables (andis the sour
e of the time in
onsisten
y problem), and P =






P11 P12

P21 P22




 is written 
onformably withpredetermined and non-predetermined variables respe
tively. Clearly if P−1
22 is not non-negative de�nite,then the value of V0 
an be set arbitrarily large by appropriate 
hoi
e of p0; in su
h a 
ase, a solution tothe problem whi
h tends to a steady state optimum does not exist.As mentioned above we assume the existen
e of a steady state solution to (C.3) given by [X̄, W̄ , λ̄],sin
e we are interested in approximations about the latter. Hen
e the matri
es in (C.4) (apart from Pt) are
onstant. Thus this theorem provides a means of 
he
king whether a 
andidate solution to (C.3) a
tuallyis optimal. Note that the perturbed system is in standard linear-quadrati
 format, whi
h is the basis forthis result.171. Set out the deterministi
 non-linear problem for the Ramsey Problem, to maximize the representative agents'utility subje
t to non-linear dynami
 
onstraints.2. Write down the Lagrangian for the problem.3. Cal
ulate the �rst order 
onditions. We do not require the initial 
onditions for an optimum sin
e weultimately only need the steady-state of the Ramsey problem.4. Cal
ulate the steady state of the �rst-order 
onditions. The terminal 
ondition implied by this pro
edure issu
h that the system 
onverges to this steady state.5. Cal
ulate a se
ond-order Taylor series approximation, about the steady state, of the Hamiltonian asso
iatedwith the Lagrangian in 2.6. Cal
ulate a �rst-order Taylor series approximation, about the steady state, of the �rst-order 
onditions andthe original 
onstraints.17Levine et al. (2008b) show that Magill (1977a)'s result easily extends to the sto
hasti
 
ase as well.44



7. Use 4. to eliminate the steady-state Lagrangian multipliers in 5. By appropriate elimination both theHamiltonian and the 
onstraints 
an be expressed in minimal form. This then gives us the a

urate LQapproximation of the original non-linear optimization problem in the form of a minimal linear state-spa
erepresentation of the 
onstraints and a quadrati
 form of the utility expressed in terms of the states.8. In an LQ pro
edure for 
omputing ex ante optimal poli
y in sto
hasti
 setting 
ompute the followingtwo ne
essary and su�
ient 
onditions for a parti
ular steady state of the �rst order 
onditions tobe a lo
al maximum:(a) Condition 1: βfT
WPtfW +HWW is negative de�nite(b) Condition 2: P22 is negative de�nite.If these 
onditions are satis�ed then pro
eed to time 
onsistent and optimized simple rulesD Proof of LemmaThe 
onstraint is then bgub − bg ≥ kbsd(b

g
t ) whi
h squaring be
omes

(bgub − bg)2 ≥ k2b

[

E0(1− β)
∞∑

t=0

βt(bgt − bg)2

]

= k2b ( (b
g)2 − (bg)2) (D.1)de�ning

bg ≡ E0

[

(1− β)
∞∑

t=0

βtbgt

] (D.2)
(bg)2 ≡ E0

[

(1− β)

∞∑

t=0

βt(bgt )
2

] (D.3)Completing the square, (D.1) 
an be written as



bub

√

1 + k2b

−
√

1 + k2b b
g





2

+
b2ubk

2
b

1 + k2b
≥ k2b (b

g)2 (D.4)Then a little algebra shows that the two 
onstraints in the lemma are su�
ient to satisfy (D.4).
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